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Extreme Points of the Class of Discrete Decreasing Failure Rate
Average Life Distributions

by
Naftali A. Langberg, Ramon V. Leodn, James Lynch, and Frank Proschan
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_ i ABSTRACT
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~We showrthat the class of discrete decreasing failure rate average
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. R . . . . g . &V
(discrete DFRA) life distributions is a convex set. .We then obtain the
bE fFpewTt
extreme points of this class. Finally er showshow to represent any discrete

DFRA life distribution as a mixture of these extreme points.
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1. Introduction and Summary.

Distributions with decreasing failure rate (DFR) occur frequently in
reliability theory and application. See, for example, Barlow and Proschan
(1975) and Proschan (1963). Less common is the use of distributions with
decreasing failure rate avercge (DFRA). However, it is easy to formulate
models and find real life examples of DFRA distributions. We list a few,
since the literature scems devoid of such cases.

(1) The life length of a retail outfit merchandising seasonal goods may
be DFRA. The failure rate tends to decrease with increased experience, growing
capital, public recognition of the product or company name, and other factors
monotonic with age. However, the seasonal factor prevents the failure rate
from being monotonically decreasing, so that only the average failure rate is
decreasing.

(2) A device operates 16 hours a day, say. On the ith

day, the failure
rate during operation is A and is 0 during the 8 hours of ''rest'. Suppose
Ap > Ay > A > e, but, in addition, are such that the cumilative failure
rate H(t) over time (including rest periods) satisfies: %H(t) is decreasing.
The graph in Fig. 1 displays the situation.

Note that FH(t) is decreasing, but H(t) is not concave. Thus the underlying
distribution is DFRA but not DFR.

Other practical examples may be listed in the continuous case. In a
similar fashion, DFRA life distributions occur in the discrete case, in which

age is measured by the mmber of cycles that have occurred since the unit was
initially put into operation.
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Fig. 1. Cumilative hazand function of a DFRA distribution.
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In this paper, we obtain the extreme points of the convex class of discrete
DFRA distributions. In addition, we show constructively how to represent any
discrete DFRA distribution as a convex combination of extreme points.

As is well known in optimization theory, from a knowledge of the extreme
points it may be possible to obtain maxima or minima of certain functionals of
discrete DFRA distributions. Bounds and inequalities for discrete DFRA
distributions may also be derivable from a knowledge of the extreme points of

the discrete DFRA class.




2. Preliminaries.

A distrioution F is a discrete life distribution if its support is

contained in tae sct {0, 1, ...}. we denote tie corresponding survival function
1 - oy F. We aefine the hazard function w(F, x) of a discrete life distribution
as -anF(k - 1) for x e Tk, k+ 1) am k=0, 1, ..

+e define two concepts used in the sequel.

Jefinition 2.1. Let G be a class of Jistribution functions. Then v is a

convex class if F = eFl + (1 - e)l-‘2 e G whenever F F2 e Gam 08 ¢ U, i..

1-
vefinition 2.2. Let G be a convex class of distribution functions, and

let F ¢ G. Then F is an extreme point of G if there are no two distinct

distribation functions Fl’ EZ € G and a real nunber 6 ¢ (U, 1) such that
F = ePl + (1 - e)FZ.

Jext we present tiie class of discrete life distributions that is the subject
of our analysis.

Jefinition 2.3. Let F be a discrete life distribution. Then F is

decreasing failure rate average (DFRA) if x'lu(F, x) is nonincreasing in

X e (0, =),
e denote by GD the class of uiscrete OFRA life distributions. Througnout

we define (F(-l))o-l z 0,




3. The Extreme Points of the vJiscrete DFRA Class.

In this section we identify the extremc points of the class of discrete
DFRA life distributions. The function g(8, x, y) = -in{ee ™ + (1 - 8)e T},
8 e 0, 11, X, y € iU, »), plays a key role in our analysis. First, we prove
three properties of g(6, x, y) useld in the secuel.

Lenma 3.1. Let 8 ¢ (0, 1). Then (i) g(e, x, y) is strictly increasiny in

x ad y, (ii) For a € (0, 1), and X, y ¢ (0, =), :(8, ax, ay) 2 ag(e, X, y),

and (iii) For a ¢ (0, 1) and X, y € 10, =), g(8, ax, ay) = ag(6, x, y) iff x = y.

Proof. (i) follows in a straigntforwaru way.

(ii) and (iii). Define the random variable Z as follows:

e™ with probability o

Z =
e with probability 1 - 8

Then g(e, X, y) = -&nkZ, and g(8, ax, ay) = -2nE2®. Consequently, (ii) and
(iii) follow by the Liapounov Inequality LC}nmg.(1974), p. 47.. ||

Next we show that the class 6, is convex.

Lemma 3.2. The class of discrete DFRA life distributions is convex.

Proof. Let F = eFl + Q1 - e)Fz, where Fl, FZ € GD and 8 ¢ (0, 1). we
show that F ¢ GD.

Let ke {1, 2, ...}. Then H(F, k) = g{e, ri(Fl, k), H(Fz, k)}. By
Lenmua 3.1(i):

H(F, k) 2 g(e, k(k + 1)'1H(F1, k+1), k(k + 1)"H(F,, k + 1)),
By Lemss 3.1(ii):

go, k(k + D), k + 1), k(k + D, k+ 2)) 2

k(k + 1) gto, n(Fy, k + 1), H(Fy, k + D}=k(k + 1)"Ni(F, k + 1).




Consequently the desired result follows. ||
Define 4(F, 0) = -=, and A(F, k) = (k + 1)'1H(F, k+1) - k'lh(F, X),
k=1, 2, ... . To accomplisih the objective of this section we need tne
following lemaa.
Lema 3.3. Let F = eFl + (1 - a)FZ, where Fl, Fz € GJ and 8 ¢ (0, 1).
Assume A(F, k) = 0 for soue positive integer k. Then ti(Fl, k) = h(FZ, k) = H(F, k),
and n(Fy, k + 1) = u(F,, k+1) =n(F, k+1).

Proof, First oy Lemma 3.1(i) and (ii):
-1 -1 .
Ku(F, k) = Kk "gle, u(F), k), 1(F,, K)}
-1 -1 -1 .
2k gle, k(k + 1) "u(F), k + 1), k(k + 1) H(F,, k + 1))
2 (k+ 1) g, U, k + 1), W(F,, k + 1))
5 '1
= (k + 1) "H(F, k + 1).

Since a(F, k) = 0, the extreme values in the preceding chain of inequalities
are equal. Thus, by Lemna 3.1(i), A(Fj, k) =0, j =1, 2, and by Lemma 3.1(iii),
n(Fl, k+1) = H(FZ, k + 1). Consequently the Cesired results follow. ||

To describe the extreme points of GD we need the following definition
and notation.

Definition 3.4. Let F be a discrete life distribution and k; < k be two

2
integers in the support of F. Then kl’ kz are successive support points if no

integer in the interval (kl’ kz) belongs to the support of F.
Let GD,e' {F: Fe Gps and for every two successive support points of F,
ky» kz, A(F, kl) = 0 or aA(F, k;) = 0}.

e are ready now to identify the extreme points of Gy.




Theorem 3.5. GD ¢ is the class of all extreme points in the class of
’

discrete JFRA life distributions.
Proof. First, we show that all the life distributions in GD e are
?

FZeGU,FeG’,anu

extreme points. Let F = oF 1 D.e

1t (1 - e)FZ, where F
8 ¢ (0, 1). We snow that Fl = FZ.
Let d = Sup{y: u(Fl, j) = ll(Fz, i), 3 =0, ..., q}. To prove that
I-‘1 E FZ’ it suffices to show that d = », Assune 4 < ». Then there is a
positive integer k sucn that i < k, and d, k are two successive support points
of F. By the definition of d and Lenma 3.3, A(F, &) < 0. Thus, L(F, k) = 0.
Consequently by Lenma 3.3, d 2 k + 1 > d, a contradiction. lience d = = and F
is an extreme point in the class GD.
To complete the proof of the tiweoresn, we show that a Jdiscrete JFRA life

distribution that does not belong to G is not an extreme point in GD' To

D,e
show that a discrete DFRA life distribution is not an extreme point, it
suffices to prove that the life distribution can be written as a proper
convex combination of two distinct discrete DFRA life Jistributions. Let
F e G, such that F ¢ GD,e' we show that F is not an extreme point.

Let k’l’ kz be two successive support points of F, such tiat kz > kl 20,
and A(F, kj) <0, j=1, 2:l Let Fl(k) = F'z(k) = F(k) for k ¢ (k1 -1, ky - 1,
F, (k) = nax({Fk, - 11K, Fa)y, Fy(0 = mint Fae) }2/ 02D Fog - 1)
for ke (ky - 1, ky - L amd et 0 = 'Fky) - Fy () 2Fyllq) - Fy(kp) 1. For
tiie sake of clarity we recall that CF"(-I)JO is defined as zero. Finally,
observe that Fl' Fz are two Jistinct DFRA life distributions, that e ¢ (0, 1),

and that F = oF ¢ (1 - 8)F,. Consequently F is not an extreme point in G,. ||




4. iepresentation of a Jiscrete JFRA Life Jistribution as a

iixture of Extreie Puints.

In this section we prove that every discrete JFRA life distribution can be
presented as a mixture of the extreme points of the discrete DFRA class. ..ore
explicitly, for any aiscrete DFRA life Jdistribution F, we first construct a
probability space (QF, BF’ PF). ve then define for each w ¢ p a discrete
life distribution GF(-, w) tnat belongs to the class of the discrete JFRA

extrene points. Finally, we prove tnat:

4.1 F(k) = [ G(k, w)dP (w), k = 0, 1,

S
Let F ¢ GD, Jefine Qe = {1}, 'SF = {d, {L}}, PF{l} =1, amnd G(-, {1}) = F(-).
Then clearly F(k) = [ G(k, w)dPp(w), k = 0, 1, ... . Thus, to prove Statement
Q
F

(4.1) it suffices to consider discrete DFRA life distributions that are not
extreme points.

Let F pelong to GD but not to GD,e . MNext, we construct the probability
space (QF, BF’ PF)’ define the extrame discrete UFRA life distributions
U, w), we Qp, anu prove Statement (4.1). Let m be the numwer (possibly

infinite) of all pairs of nomnegative integers (;(q,. K q‘\1), l<g<2n+l,

sucn that:
4.2) kq, 1l <q<2m+ 1, is a strictly increasing sequence,
(4.3) a(F, kq)<0, 1<q<2n+1], ad

(4.4) qu-l’ k2q are successive support points of F for 1 < q <m + 1.




lFurtaer, let 12q = {k. ke (k2q-1 -1, kZq -1} 1<qg<m+1,

7

max{_F(k, . - 1) 1+k3q.1 Fk, )}, Kel,,lsqeue+l
- l\zq_l J B Zq s € Zq’ q Jit

4.5) Fi(k) = 4

LF(k) , k ¢ 12q’ lsqem+1

, k., /(k, +1)

. 2q' %2

mm{:_F'(kzq)_s € a7 F(kzq_l 1)), ke, lsqene+l
(4.6) F,(k) = ]

F(K) , kQIzq,15q<m+1,
and )
4.7 e, = Fk, ) -Fk, J):Fk )-Fk, ). L 1<qem+1

: 2q O Va-l 1Y 2q-1"" "2Y -1 1*%2q-1"" * ~ 7 '

For the sake of clarity, note that Fl, FZ € GD,e’ that eZq

and that for k ¢ 1 lsgq<m+1,

2q’
4.8) Flk) = 03F200 + (1 - 8,)F; (0.

we now construct the probability space (QF, 3, PF). Let

g = {o: w'(wzq,15q<m+1), wzqe{O, 1}, 1 < q<u+ 1},

BF = the set of all subsets of g, and let

k éq l-Gq
Pp{u: qu = Gq’ q=1, ..., k} = qgle Zq(1 - qu) ’

wihere 1 <s k<m+ 1, and 61, ve ey 6k e {0, 1}. For the case m = =, we extemi

€ (0,1),1sqem+1,




lv

PF to all subsets of 2 by the Caratnheodory cxtension Thevrem ' .almos (1965),
P. 54 ..

Next, we define for each w € Q, a discrete DFRA life distribution that

belongs to GD,c'

"

F(x) , kd¢1,, lsg<m+1

(4.9 Tlk, o) = {F0), kel "

=1, l<gqg<m+1,

Fl(k), k e IZq' m2q=0,, 1sqem+ 1.

\

Note that for each w € A, G(, w) € Guje‘
Finally, we prove Statement (4.1).
Theorem 4.1. Let F be a Jiscrete vUFRA life aistribution that Jdoes not
belong to Gy . Then for k = 0, 1, ..., F(k) = [ Gk, w)dPp(w) .
' Q
Proof. Let k ¢ {0, 1, ...}, and let I denotg the indicator function. Then:
_ m
[ 6k, w)dPr(w) = FOOI(k ¢ v 1))
Qp q=1 q
m
Consequently the desired result follows by (4.3). ||

Finally we note that, as is frequently the case, the representation is not

dnique.
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